2 quantum spin chains and ladders with random exchange coupling are studied by using an effective low-energy field theory and transfer matrix methods. Effects of the nonlocal correlations of exchange couplings are investigated numerically. In particular we calculate localization length of magnons, density of states, correlation functions and multifractal exponents as a function of the correlation length of the exchange couplings. As the correlation length increases, there occurs a "phase transition" and the above quantities exhibit different behaviors in two phases. This suggests that the strong-randomness fixed point of the random spin chains and random-singlet state get unstable by the long-range correlations of the random exchange couplings.
 1 
Introduction
The properties of low-energy excitations in disordered systems in low dimensions have been intensively studied in recent several years. It is believed that in one-dimensional (1D) systems almost all states are exponentially localized regardless of amount of disorder if the random variables have δ-function like short-range correlations. However recently, existence of phases of extended states was reported for some 1D models, which include the Anderson model, the aperiodic Kronig-Penny model, etc., if the disorder has long-range correlations [1] . In the previous papers [2, 3] motivated by the above studies, we studied a field-theory model, the random-mass Dirac fermions in 1D, which describe low-energy excitations of the random-hopping tight-binding model. In particular we considered the effects of the power-law spatial correlations of the random Dirac mass and found that properties of the states near the band center change as the correlation is increased, though extended states exist only at the band center.
In this paper we apply the previous field-theory model to the systems of spin chains and ladders with random exchange coupling. In particular, we shall numerically calculate the localization length (LL) of the magnons, their density of states (DOS) and correlations of low-energy wave functions as a function of the correlation length of the random exchange couplings. We shall employ the Fourier filtering method (FFM) and its modified techniques for generating random variables with long-range correlations. It is known that in the random quantum spin chain with S = 1 2 there exists a nontrivial low-energy fixed point called strong-randomness fixed point and at that fixed point random-singlet(RS) phase is realized [4] . In particular there the spin correlation function behaves as S z n S z 0 ∝ 1 n 2 where n is the lattice site index. Stability of the fixed point has been discussed from various aspects [5] . In this paper we study effects of the long-range correlation of the exchange couplings of the spin chains on the stability problem. In order to investigate this problem, we focus on low-energy modes and study a more tractable field-theory model, i.e., random-mass Dirac fermions.
In Sec.2, we shall briefly review the derivation of the effective field-theory model, i.e., the randommass Dirac fermions, for low-energy excitations in S = 1 2 quantum spin chains and ladders. We specify the random exchange couplings and random mass with nonlocal correlations. In Sec.3, we explain FFM and modified FFM (MFFM) and show the random variables generated by the MFFM actually have power-law correlations. This result is very important for the present study because the original FFM is not suitable for generating random numbers with long-range correlations. In Sec.4, we calculate the LL and DOS for various random variables with nonlocal correlations by the MFFM. These quantities change their behavior as the correlation of the random variables is varied. This result agrees with our previous calculations which employed the FFM and the above conclusion about the "existence of phase transition" is confirmed though its validity was questioned sometimes.
In Sec.5, we shall study properties of the low-energy wave functions and the multifractal exponents.
These quantities also change their behavior for the various correlations of the random mass. This result strongly indicates that the long-range correlation of the exchange couplings changes behavior of the spin-spin correlation functions from that of the RS phase. Section 6 is devoted for conclusion.
Random spin chains and random-mass Dirac fermions
Let us start with the random XX spin chain whose Hamiltonian is given as
where n is site index and the magnitude of the quantum spin S i n (i = x, y, z) is 1/2. The exchange couplings J n are random variables which have a spatial nontrivial correlation as we specify shortly.
It is well-known that the Hamiltonian (1) is mapped to a fermion system through the Jordan-Wigner transformation,
where C i is a spinless fermion operator and
In the case of the non-random XX model with a constant exchange coupling J n = J, the ground state of the Hamiltonian (3) is the half-filled state of the fermion C n and low-energy excitations are described by the right and left-moving modes near the Fermi points
By substituting Eqs. (4) and (5) into (3), we obtain the low-energy effective field theory of the random XX model,
where σ are the Pauli spin matrices, m(x) is the "continuum limit" of m(n) (x = na with the lattice spacing a), ψ(x) = (ψ R (x), ψ L (x)) t and we have put J = 1 without loss of generality. The above Hamiltonian is nothing but the random-mass Dirac field in 1D which we studied in the previous papers [2, 3] . The LL and DOS were calculated by the transfer-matrix methods and imaginary vector potential methods. ¿From (6) , it is obvious that an energy gap appears for the constant nonvanishing It is not so difficult to show that the following random Heisenberg spin chain has the same low-energy effective theory with the random XX spin chain [6] ,
This result comes from the fact that in the spin-Peierls state for
becomes irrelevant because of the existence of the spin gap. In the uniform case J n = J (i.e., m 0 = 0), the above term is marginal and renormalize the "speed of light" and the exponent of the spin correlation [7] . In the random spin chains on the other hands, it is believed that the RS phase dominates at low energies and the SSCF behaves as
regardless of the (relatively small) value of the z component of spin coupling. It can be also shown that the spin ladder system like
has a low-energy excitations which is described by the random-mass Dirac fermions [6, 8] . There the Dirac mass is proportional to the inter-ladder coupling J ⊥n .
We assume a nontrivial spatial correlation for the random Dirac mass m(x) in (6), For the short-range white-noise correlation, which is often employed in studies of the random systems,
. In this paper we are interested in the effects of nonlocal correlations, i.e., the exponential-decay correlation like
and also the power-decay correlation like,
where g, λ, C and γ are parameters.
We shall consider various nonlocally-correlated random exchange couplings or random Dirac masses and calculate the LL of the magnon, DOS and SSCF. Behaviors of these quantities change as the correlation of the random mass is varied. As in the previous papers [3] , we shall consider multikink configurations of the mass m(x). In the practical calculation, we fix the distances between kinks and vary the magnitudes of m(x) as random variables (see Fig.1 ). In the previous papers, we used the FFM for generating random numbers with nontrivial correlation. The FFM has some disadvantage for large systems. To avoid this, we first generated a large sequence of random numbers and used only small fraction of them for practical calculations of the LL and DOS. In this paper we shall employ a modified method of the FFM which was proposed by Makse et.al. [9] . Let us first explain the MFFM briefly.
Long-range Correlated Disorders
We explain the methods for generating long-range correlated random variables numerically in this section. The FFM is a well-known numerical method for generating random numbers with correlations. However, this method is not suitable for generating power-law correlated random numbers.
Random numbers generated by this method are power-law correlated within only 0.1% of the whole system. The MFFM was proposed by Makse et.al. [9] in order to modify this flaw. They showed the random numbers generated by the MFFM have the power-law correlation almost over the whole system.
Here we briefly review the FFM and the MFFM. First we consider the random numbers u i which have white-noise correlation, [u i u i+l ] ens = δ l,0 . Our goal is to generate random numbers {η i } which has the power-law correlation like,
where γ is the exponent of the power decay. It is straightforward to show that variables η q , the Fourier transformation of η i in Eq. (12), also has the power-law correlation with respect to q as follows,
Then one can easily show that Eq. (13) is satisfied if we put,
where u q is the Fourier transformation of u i .
¿From the above observation, the FFM is given as follows; First we generate white-noise random numbers u i and calculate its Fourier transformation u q . Secondly we calculate η q using Eq.(14).
Thirdly we calculate the inverse Fourier transformation of η q and obtain the power-law correlated random numbers η i .
The modified FFM changes the following part of the original FFM. The power-law correlation C(l) has the singularity at the origin l = 0. This singularity causes the difficulty of large-distance correlation which we mentioned above. Therefore we replace it as follows,
which has the same power-law correlation with Eq. (12) for large l. We also impose periodic boundary condition on C(l),
where L is system size, and we define C(l) by Eq. (15) only in the range −L/2 < l < L/2. In practical calculations using the MFFM, we obtain S(q) from C(l) in Eq.(15) by using numerical Fourier transformation.
We show the two-point correlation function of random numbers η i generated by the MFFM in 
Localization Length and DOS
In this section we show the result of numerical calculations of the LL and DOS in the system with the nonlocally correlated random exchange couplings or random-mass Dirac fermions. By using the modified FFM, we first calculate the LL and DOS as a function of energy and reexamine the previous results obtained by the old-fashioned FFM.
We calculate energy dependence of the averaged (typical) localization length of eigenstates and DOS first. In one-dimensional disorder system, the DOS and localization length are related by the Thouless formula [10] . In the case of random mass Dirac fermion (or random spin chain), this formula is given as,
where ξ(E) and ρ(E) are the LL and DOS at energy E, respectively. It is not so difficult to show that the DOS is parametrized as [11] ρ
where η and δ are exponents. Then the Thouless formula Eq.(17) gives the energy dependence of the LL as follows,
In the case of white-noise disorder,
(where g is the constant which controls the strength of randomness) the values of η and δ are 1 and 3, respectively.
Let us briefly explain the numerical methods to calculate the DOS and LL [3] . We set the random mass m(x) in Eq. (6) as multi-kink configuration and vary the height of kinks randomly (see Fig.1 ).
Our choice of the random-mass configurations simplifies the problem to solve the Dirac equation for Eq. (6) and we can calculate the energy eigenfunctions systematically using transfer-matrix methods.
We also introduce an imaginary vector potential into this system. By varying the magnitude of vector potential, we can obtain the localization length of the states without imaginary vector potential as a function of energy and the correlation length of the random mass. This idea is based on the work by Hatano and Nelson [12] . Localized state has the wave function like,
where ξ 0 is the localization length. Wave function in the presence of an imaginary vector potential iA is obtained as follows by the "imaginary" gauge transformation,
Then if A exceeds inverse of the localization length of the original wave function Ψ 0 , Ψ A becomes unnormalizable. By increasing the value of A and searching normalizable wave function with the same energy, we can obtain the value of ξ 0 .
First we show the energy dependence of the DOS and LL for the white-noise disorder for comparison with the power-law decaying cases (Fig.3) . We fit the energy dependence of the DOS in the log-log plot by the following function 3 ,
where B and C are parameters which correspond to the exponents η and δ in Eq.(18), respectively.
The result is shown in the figure of the DOS data, and B and C are estimated as B = 1.25 and C = 3.1 (see Fig.3 ). ¿From the analytical result, we have η = 1 and δ = 3, and therefore the numerical calculations are in good agreement with the analytical ones.
Let us turn to the LL. From the linearity of data in the log-linear plot (top left figure) , we expect that ξ(E) for the white-noise disorder is parametrized as follows, where g is defined in Eq.(20), and F and G are constants. The constant g is estimated as 0.90 from the linear fitting, and this is consistent with our setting of the numerical calculation in which g = 1.
We also show the LL data with the log-log plot in Fig.3 (top right). ¿From this, it is obvious that the parametrization in terms of Eq.(24) gives better fit for the LL than any parametrization with η = 1 as expected. This means that our calculation gives reliable results.
In the previous papers [3] , we found that the value of the parameter η in Eq.(18) is about 0.5 for the power-law correlated disorders. We also showed that the the value of η is rather insensitive to the power-law exponent of correlation, γ in Eq.(12). Since η = 1 for the white-noise disorder, we concluded that there is a "phase transition" as the correlation of the random variables is varied from the short-range to long-range correlations. However in Ref. [3] , we used the old-fashioned FFM for generating random correlated numbers and therefore we suspect that long-range behavior of correlated random numbers was not produced correctly. In this paper we calculate energy dependence of the LL and DOS for the power-law correlated disorder by using modified FFM in order to examine our previous results.
Numerical results of the LL and DOS obtained by using MFFM are given in Fig.4 for γ = 0.4 and γ = 0.2. We show the LL data in log-linear and also log-log plots as in the previous white-noise case. In the both cases of γ = 0.2 and γ = 0.4, the results in Fig.4 show that η ∼ 0.5 gives better fit than that of the white-noise parameters as we found in the previous paper [3] . Therefore we have confirmed the validity of the previous result, i.e,. the LL and DOS exhibit different behaviors as the correlation of the random variables is changed from the short-range to long-range ones. We hope that this "phase transition" is observed in future by experiments of the random spin chains.
Zero-energy wave functions and multifractality
In this section we study the multifractality of zero-energy wave functions in the system with nonlocally correlated disorders. Behavior of the wave functions must give us more detailed information on the effects of the nonlocal correlations of the random disorders. In the case of the white-noise disorder, the zero-energy wave functions are exactly obtained and it is not so difficult to calculate the ensemble-averaged correlation of them [13, 14] genuinely normalizable only for specific m(x). More explicitly, in solving the Dirac equation we imposed the periodic boundary condition on the system. In contrast, boundary condition is not imposed on the wave function in the analytical calculation [6, 13, 14] .
It is expected that the correlation functions of zero-energy wavefunction exhibit multi-fractal scaling,
For the system of the white-noise random mass [m(x)m(y)] ens ∝ δ(x − y), W q (l, L) is obtained as follows for L → ∞ by the analytical calculation [13] ,
For large l
and therefore it is expected that τ (q) and y(q) are independent of q and τ (q) = 0 and y(q) = 3/2 for the white-noise disorder. In this paper, we shall numerically obtain the zero-energy wave functions and calculate y(q) under various types of disorder using the MFFM. Typical example of the zeroenergy wave function obtained numerically is given in Fig.5 .
First we numerically calculate W q (l, L) in the case of the white-noise disorder. Values of y (1) and y(2) are obtained from the calculations of W q (l, L) as a function of l/L. (See Fig.6 .) The value of y (2) is related with the power of algebraically decaying [S z (x)S z (y)] ens in the crossover region [6] .
¿From Fig.6 , the values of y(1) and y(2) for white-noise disorder are both about 1.5 and this result is in agreement with Eq.(34). Similarly we also calculate y(1) and y(2) for exponentially-correlated Next we calculate y(1) and y(2) for the case of the long-range correlated disorders with power-law decay. We show the results in Table 2 . (Examples of correlation are shown in Fig.7 .) The values of y(1) are about 
Conclusion and Discussion
In this paper, we studied S = 1 2 spin chain with nonlocally-correlated random exchange coupling via its low-energy effective field theory, random-mass Dirac fermions. In particular we investigated the effects of the long-range correlation of the random variables. In order to generate random numbers with power-decaying correlations, we employed the MFFM. We calculated the DOS, LL and correlators of the zero-energy functions W q (l, L), which give important information about lowenergy states of the system. The results indicate that there appear nontrivial effects of the long-range correlation in various physical quantities. Energy dependence of the DOS and LL and the long-distance behavior of W q (l, L) are changed by the correlations. As W q (l, L) is closely related with the spin correlation function [ S z (x)S z (y) ] ens , the above result indicates that the spin correlators also exhibit different long-distance behavior from that of the short-range correlated random variables.
Let us briefly discuss qualitative nature of the "new phase" which appears as a result of the longrange correlation of the random variables. In the short-range white-noise case, the DOS behaves as ρ(E) ∼ E −1 | log E| −3 and the LL ξ(E) ∼ | log E|. On the other hand for the long-range correlated
. This means that the low-energy states become more extended by the effect of the long-range correlations whereas the low-energy DOS becomes smaller because of it through the Thouless formula. As the localization length ξ 0 parametrizes the typical wave functions as in (21), it measures the width of the largest peak of the wave functions. Furthermore we found that W q (l, L), in particular q = 2, tends to decay more rapidly by the long-range correlations. As W q (l, L)
measures the correlations between the first and second (or third) largest peaks of the wave functions, this result indicates that the second largest peak becomes smaller compared to the first one and/or the distances between the first and second largest peaks tend smaller by the long-range correlations.
In the picture of the RS phase of the spin chains, the above results imply that amplitude of the spin-singlet pair becomes a smooth decreasing function of the distance between spins in the pair as a result of the long-range correlations of the exchange couplings. In other words, the "randomness" 
